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PROPELLER TIP FLUTTER* 
By Fritz Lie"bers 

I. NOTATION 
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frequency in bending. 

frequency in bending of nonrotating propeller 
(n = 0). 

length of hub. 

free blade length. 

width of blade 

thickness of blade 

angle of attack (a^ 
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value s at root, 
values at tip. 



at blade tip) 



change in air load with angle of attack. 



INTRODUCTION 



As long as wooden propellers were used exclusively in 
aviation, the problem of propeller tip flutter was practi- 
cally unknown. But the introduction of the metal propel- 
ler, of necessity as thin as possible for reasons of aero- 
dynamics, as well as of weight, has changed these condi- 
tions. The number of metal propellers which revealed 
flutter pheromena when tested on the torque stand, and the 
number of those damaged or broken in flight because of tip 
flutter, can no longer be disregarded. 



*"yersuche uber Luf t schr aubenschwingungen . " Zeitschrift 
fur Flugtechnik und Mot orluf t schif f ahr t , May 14, 1932, 
pp. 251-259. 
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As to contributory causes, mode, and frequencies of 
this flutter, any set opinion "based upon observation is 
difficult. The eye does not perceive the deformations of 
the propeller when in motion, nor does the noise, made up 
of numerous components, admit of acoustic deductions. 

Theoretically, one might at first liken these vibra- 
tions to those observed on airplane win^f^s, that is, to un- 
stable vibrations. But 'the mathematical pursuance of this 
assumption showed this kind of vibrations to be extremely 
improbable for pro:oellers. The reason lies in the very 
high torsional stiffness of the propeller blade as compared 
to the air loads impressed upon it, in the 'inferior coup- 
ling between torsional and bending vibrations of the blade 
and in the material discrepancy between the torsional and 
bonding frequencies which G-r e in proportion of about 10:1.* 

Another explanation is to visualize the tip flutter 
as being due to the periodic eddy separation from the 
boundary layer. Estimation for this case - with the lit- 
tle information available - the eddy separation frequen- 
cies for a propeller blade of usual speed and size yields 
fi^^rares which are far beyond the natural frequencies of 
propeller blades at the outer sections, and a resonance 
between oddy separation frequencies and torsion frequen- 
cies of the blade as entirely feasible for sections to 
about one-half radius. Premises for the vibrations are: 
ample energy within the oddy separation to assure its pe- 
riodic- sequence under the given conditions. Elucidation 
of the problem awaits further experiments of oddy separa- 
tion on profiles with relation, to the angle of attack. 

Apart from these two there are a number of conditions 
which may be cited as possible leads to a solution of pro- 
peller tip flutter. They need not be enumerated here. 
The reader is referred to reference 7, in which Seewald 
tre<'its these problems thoroughly. 

The present report is limited to a ca^se of tip flut- 
ter recognized by experience as being important. It is 
the case where outside interferences force vibrations up- 
Qn the propeller. Such interferences may be set up by 
the engine', or they may be tho result of an unsymmetr ical 
field of flow. * 



♦Comp^ire also the mathemat ic-nl- treatise in r c^f erenco" 6 , 
by Liebers, page 17. 
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There is only one authentic case where it coiild he 
ahsolutely proved that engine disturbances were the cause 
of propeller vitrations. That was a resonance hetween the 
torsional vibrations of the engine shaft by a critical 
r.p.m. and the frequency of the first higher harmonics in 
bending of the propeller at this revolution speed. The 
particular engine had a torque diagram with unusually high 
peaks. Ordinarily, however, engine shaft disturbances are 
not transmitted to the propeller because of the high mo- 
ment of inertia of the latter. With a view to a future 
compilation on propeller vibrations, the possibility of 
higher harmonics in propeller blades excited "by the power 
plant are being studied in detail. 

But particular stress is laid upon tho seemingly more 
important second case, that is, excitation of vibration 
by" periodically alternating propeller stresses duo to un- 
symmetry of the field of flow. Because of tho low fre- 
quency of such interferences, it herein invariably per- 
tains to the first harmonics of the propeller blades. 

Adjacent propellers, wings, or other parts of the 
airplane sot up irregularities in velocity and, above all, 
direction of the air flow. For instance, assume a dis- 
turbance in an angle of attack change of the blade by 
Aa = 1^, then the loading of the blade, which is, say 

~— = ^» is altered accordingly by 

^c, = |^^^Aa= 5 5^3= 0.087 

That means, by an ordinary load of, say, Cg^ - 0.6, a dis- 
turbing force of 15 per cent of the normal air load. Snch 
disturbances recur with the revolution, quite frequently 
even with twice the revolution speed. In the unfavorable 
case, resonance occurs at which the deflections of the 
blades may become large. 

More than once it has been possible to explain a ■dam- 
aged propeller in this manner. On the other hand, none of 
the many propellers, whose mathematically c^efined critical 
r.p.m. for resonance vibrations was above the maximum r.p.m. 
of the respective propeller, has at any time shown sirns of 
vibration. This holds true, for instance, for practically 
all wooden propellers. Furthermore, in several cases where 
the calculation indicated vibrations in resonance, a torque 
stand test actually revealed vibrations at the particiilar 
r.p.m. 
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At the same time it was noted that a changed "blade setting 
enlarged the range of resonance - yes, that occasionally 
vibrations hy the anticipated resonance r.p.m. did not set 
in at all -until a certain high "blade setting had "been 
reached, A pl.-^ns ihl e explanation for this occurrence is. 
that at high -pitch a decisive part of the sections is a-p- 
preciahly "stalled," as soon. as. the propeller dips into-a 
zone of interference. Then the r e sp ec t iye pr o f ile-s would 
not only e>;.perience outside dist-ur"bances with the period 
of their nat^aral vi'bration, in case of resonance, hut 
would at the same time and with the sa.me period reach am- 
"bits where the additional air loads released '"by' the vibra- 
tions no longer damr. hut (because <0) rather intensify 

9 a 

tne vibrations. Thus the prODeller itself draws energy 
from the air in the same rhythm as the propeller is stimu- 
lated to vibration. Thi.s may also e::pia,in why many pro- • 
pellers run smoothly" in, flight, even thAugh the torque 
tests revealed vibrations. .('This is. merely a conjecture.) 

L-a'stly' it" might be mentioned that with flexible pro- 
pellers, whose critical resonance r.p.m. was far below the 
maximum- rV'p."m., it was sometimes p'pssible to elimina.te the 
resonahc^-e 'range by increasing the r.p.m., so that the pro- 
peller rah smoothly in the supfer-'cr it ical range.... 

These statem.ents are based on a mat hem.at ical analysis 
of the natural frequencies of propeller blades with respect 
1 0 the r.p.m. 

III. THEOHETICAL RESULTS 



The results concerning the natural frequencies of 
propeller blades, based upon the computations outlined in 
references 5 and 6 are briefly summarized as fellows: 

First, it is seen that a propeller blade in its two 
principal degrees of freedom, designated as bending and 
torsion, has two totally different frequencies in the pro- 
portion of about as 1:10. Consequently it is legitamato to 
disregard the coupling between the degrees of freedom and 
treat each separately. The basic frequencies of the tor- 
sional vibrations* are of the order of m.agnitude of 
10,0C0 minT^. They are practically unaffected by the air 

*The frequencies are given in m.in."i because they relate to 
the number of r ev ol-^i t i on s and this could best be expressed 
per m. i nu t e^ . 
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loads acting on the propeller and are, in addition, inde- 
pendent, in first approximation, of the centrifugal forces 
acting on the "blade. As to the vibrations forced "by out- 
side stimulants, it may he deduced from the height of the 
torsional vihration figure that- in this case the vihrations 
are scarcely dangerous, "becaus.e, .apart perhaps from the tan- 
dem arrangement of tro multi-hlade propellers, it is diffi- 
cult to conceive that 10 or. more disturbances for each 
r.p.m. necessary/ for the resonance case actually do occur 
with the customary propeller instvallat ions . 

The fundamental frequencies of the bending vibrations 
are of the order of magnitude of 1,000 min."^. Here the air 
loads are of even less significance than for the torsional 
vibrations. But the centrifugal forces exert a marl'-ed in- 
fluence on the bending frequency, so that a rotating pro- 
peller may attain to twice the vibration figure of the non- 
rotating propeller. As a result the frequencies \7ithin am- 
bit of the service range of the blades may be of the order 
of magnitude of a smxall multiple of the num.ber of revolu- 
tions. And since unsymm.et r ical loadings are readily pos- 
sible at this mode, the propeller can indeed be forced to 
bending, vibrations in resonance. 

The conditions for the two degrees of freedom of a 
propeller blade are now such as to direct our interest es- 
pecially to a study of the bending vibrations. 

1. Determination of Frequencies in Bending 

The analysis of the bending vibrations was based upon 
the well-known Rayleigh principle* of minimum natural fre- 
quency of an elastic system. The bending frequency was 
expressed in the form of ** 



where X - frequency at any revolution n, \^ - static 
frequency (n = O), and X-l and = functions containing 

the dependence of the frequency on the blade shape and of 



♦Theory of Soiind, Vol. I, sections 83 and 89. 

**As to the actual calculation method the reader is referred 

to references 5 and 6. 




(1) 
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vilDration carve variable with the revolution. (Reference 
6, p. 145.) Resol'ition of equation (l) for differently 
shaped "blades then reveals the significant fact that two 
propellers - even if different, within large limits, in 
dimensions, material constants or shape (taper), - "but of 
equal static frequency (^q) and "equal ratio of h^io length 
to hlade length (c/l), have almost concordant "bending fre- 
quencies when in rotation also. 

This is an important result from the practical point 
of view: it perm.its of suh.s t i tu t ing the numeroTis param- 
eters such as specific weight, elasticity m.odul\is, cross 
section shape, moment of Inertia of section, free "blade 
and huh length "by two parameters, nam.ely static nat^iral 
frequency ^^q) ratio of huh length to hlade length 

tc^l). The result is a single formula applicable to pro- 
pellers of any dimensions or shape: 



1^ - 



7( 

1 + 

6 + 7 (^_) 



1 + (1 + 2 -;-)(f-)° 



(2) 



0 

This equation is an approximation form,ula arrived at 
by interpolation of (l) for all possible blade forms. 
Figr.T*e 1 shows c/l for different values. Syjecific ex- 
amples for {2) are given in figures 5 to 8 and 15. 

Henceforth the bending frequencies can be readily com- 
puted according to equation (2) or -Figure 1. One sirr.ple 
deflection test to define static frequency \ ^ is all that 
is necessary, the rest can be t^ken from Figure 1. 

From the nature of R?yleigh*s minimum principle, eq;aa- 
tion (l) or (2) can yield no other than too high fre-- 
quercy figures. But it is possible to effect a correction, 
because the frequencies, on the other hand, cannot be lower 
than dictated by 

X\>\^ + (1 + 2 -f (3) 
0 i 

Inequation (3) is derivable direct from (l). (Ref- 
erence 5.) It is a special case of the general law, firr.t 
proved by Lamb and South^^ell,* accord in,"; to which, in an 
elastic system acted \ipon by several indeiendent forces, 
the square of the basic frequency is always higher than 
the sum of the squared frequencies that the system would 



*Proc. Roy. Soc. Vol. 99, London, 1921. 
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have if only one of the forces were active. (A new proof 
is quoted in reference 6, p. 147.) With only the elastic 
forces in effect, the frequency of the propeller is \ q; 
with only the centrifugal forces in action the propeller 
"behaves like a heavy string. Its frequency, up to quan- 
tities of higher order,* follows the s ec ond ' suiamand in (3). 

For n = 0 and n = oo , equations (2) and (3) raerge. 
In the inter um stage the discrepancy, i.e., the greatest 
error imaginable is less than 7 per cent. (See fig. 10 
in reference 6.) Because of the only formal significance 
of the inferior limit (3) equation (2) is preferable. The 
actual error with (2) is accordingly much lower than 7 per 
• c ent , 

2. Influence of Curvature and Edge Condition 

Identification of a slight error in (2) however, 
jnerely purports that in the role of approximate solution, 
(2) deviates hut little from the exact solution arrived at 
under the same premises. 

One of the lemmas is: the hlade is a straight "bar, 
whereas in reality, it is curved and twisted. Its "bending 
is always coupled with torsion and spatial displacements 
of the outer sections. To disregard these degrees of free- 
dom, on the other hand, signifies a stiffnes's of the blade 
and, consequently, an overestimated frequency in bending. 
So for this reason, equation (2) will necessarily lead to 
excessive values. At the same time, inequation (3) is ob~ 
viotisly applicable to the lowest possible frequencies for 
the- cambered as for the straight blade. Simply insert the 
correct figure of the static frequency , as say, defined 
by test, and note that the curved blade, its strength re- 
moved and considered as being solely under the effect of 
the centrifugal force, stretches like a heavy string. Its 
length I increases and limit (3) accordingly shifts 
slightly downward. By the minor deviations of the bar axis 
from the straight line in practice, the change in I and 
in (3) is trifling. Consequently, formula (2) represents a 
satisfactory approximation for cambered and twisted blades 
also. 



*The vibration formula of the rotating cable fastened at 
finite distance from the axis of rotation (on a hub) is 
solvable by Bessel^s functions. It is seen that the ex- 
pression in (3) represents an excellent approximation for 
the basic frequency. For c/l =0, \ is exactly = n. 
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A second s imp.l if j'-ing rremine is that t h'e \p o.s'.i t i' on/ 
of oq-Q il i"br ium of the hlade' lies in the plane of rotation 
while the "blade, because of the inherently? existing and 
through the shear load increased finite deflection srin^s 
ahout a position of equi 1 ihr ium, s 1 op ing against the plane 
of rotation. Under the much exaggerated assumption that 
all sections of the "blade were at 10 -degroes to the plane 
sloping toward the plane of rotation,* tne frequency of 
..the tending vibrations would scarcely be less than 1.4" per 
cent. 

Another salient feature, from the practical stand- 
point, is the influence of the edge condition. It v/as as- 
sumed that the blade was rigidly restrained at the root. 
This condition need not be met in complete measure. It is 
for instance, not fulfilled in a wooden propeller where 
there is no reason to even speak of a restraint at the huh 
Kow, however, and this hold.s^ for wooden as for metal pro- 
p.ellers, the course of the inertia moment, of the section 
over the radius is such that the moments of inertia of -the 
root sections compared to those of the actual Llade are so 
great as to be considered as infinite. Then the drop from 
high. to. low m.oments of inertia is very rapid. Defining 
t"he point of the sudden, change in moment as the huh end, 
obviously voids the compliance of the condition for rigid 
blade restraint. But the removal of the constrained con- 
dition can only "be followed by a decrease, in vibration 
frequencies. But they also cannot become lower than the 
blade cut off at the defined point and treated as an os- 
cillating heavy string. Thus the inferior limit (z) re- 
tains its validity and our frequency formula is applicable 
to this case also, again under the assumption that the 
correct static frequency value is substituted for Xq. 

In Slimming up, it may be stated that the conditions 
are very pro-oitiouG as far as bending vibrations of pro- 
pellers are concerned. One single formiila is applicable 
to all blade shapes and vibration conditions, provided the 
stnt 3 c" frequency is known. 

3. Comparison with other Experiments 

The established investigations which .i;a- p.Xiy way. treat 
*If d.enoted a blad.e deflecti on of. 1,7:5 of. its lengt]i. 
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the prohlervi of "bending vihration of rotating "bars, (refer- 
ences 1 to 4) all arrive at the same result. 

\2 = C,\,^ + C (4) 

10 2 • 

yrhere Ci and are co.nstants. ..This formula represent^ 

a more or less p.-ractical approxim.at ion depending on how Ci 
and C^'nere defined. For instance, the formula given in 
Kiitte Vol. I (reference 2), reads with our symhols as: 

• A^- X^^ + n2 (0.75 + • 

Compared to (3)*, this formula is everywhere helow the low- 
est limit for the frequencies. 

In an earlier report ty Southwell and G-ough ( refer- 
ence 3), the frequency formula has again the form of (4) 
with C 1, hut has accounted for the possible error by 
s et t ing up 

- into which the lower limit (3) passes at c/l = 0. The. 

method disregards tlie variability of the elastic line 
with the revolution and overlooks the fact that the blade, 
0'.7ing to attachment at root, is .imxpressed by centrifugal 
forces other than those of a rod rotating about its end. 
The omissions are partly neutralized; but the final results 
still shov; a marked discrepancy from actuality. (See bot- 
tom of fig. 9.) On top of it all, the determination of 
constant C ^ in (4) by Southwell and Gough necessitates 
the definition of the elastic line of the static blade for 
each case, i.e., the previous measurement of the course of 
cross section and moment of inertia in conjunction with a 
number of protracted integrations. In contrast to that, 
the superiority of the handy form-ula (2) given here is es- 
pecially noteworthy. It is readily seen that it was prof- 
itable to derive the frequency formula (l) with respect to 
tile variability of the elastic line. It revealed the sim- 
ilarity of blades of different shapes under centrifugal 
forces, and incidentally, led to the interpolation formula 
(2). • 



* 7here, to conform, to the stimulations in Hiitte (bar . of 
constant cross section) 1.5 ^ is substitu.ted for 2-. 
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IV. , EXFERII.IEHTS 



From the practical point of view, it is desirable to 
knov7 the actual discrepancies "between frequency .formula - 
(2) and the actual figures in relation to the above proved 
maximum possible error. To this end, a number ofmod^l • 
tests wore carried out. 

Observance of similarity between model and full scale 
could be disregarded, when thetypica.l characteristics of 
•a r eal pr opell er , primarily its departures from the straight 
bar shape, were exaggerated in the model. Accordingly, we 
used very elementary but strongly curved and twisted metal 
blades instead of true model propellers, especially since 
it would have been difficult to make such models flexible 
enor.gh for an easy evaluation. The infl^^ence of all pecul- 
iarities in blade shape had to be very clear in spite of 
the simplification. 

In addition, the experiments were so a.rranged that 
elastic, centrifugal, and aerodynamic forces assumed the 
mutual relative magnitude as with real propellers (i.e., 
about 1:2:0.01) as well as for other similar conditions, 
so- that an error in the assumptions for one of the forces 
would be conspicuously displayed. This applies primarily 
to the air loads which Were introduced on the basis of 
static wind-tunnel measurements and defined as negligibly 
small for the magnitude of the frequency. 

1. Experimental Llethod 

The method, originally suggested by E, Seewald, has 
been described in various publications (reference 7, page 
373, also reference 8*) 

Briefly outlined (see fig. 2), it consists of a right- 
sieved prism P, rotating about an axis coinciding in the 
extension of the propeller shaft. The prism, whose base 
yields the total reflection of the rays (doubling of an- 
gles by the reflection) produces a steady picture of the 
blade tip when rotating with half propeller speed. This 
principle is applied in the rotoscope,* manufactured by 



*S. Pritschow: Ootical Device for Observing Hotating Parts 
in Apparent Rest. V.D.I. , 1925, p. 700. 
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Voigt lander and Son, Braunschweig. Of course, it had to 
be rnodified for this p ar t i cul ar . purp o se / Synchronization 
between propeller and rotoscope is obtained by genera.tor 
G fitted on the propeller shaft aiad synchlronous motor I.! 
(seared 2:l) which drives the prism. F-it with this set-iip 
the vibratory riotions fall perpendicular to the plane of 
the propeller disk in the direction of vision and are thus 
scarcely perceptible. As a. result, we fitted mirror S on 
the propeller hub, 1nov7 the picture of the blade tip in the 
rotoscope is such as an observer would soq while sittin^?;; 
on the hub and rotating with the. propel 1 er and looking 
^long the' blade. (lig'. 3.) n^hen the propeller vibra-tes 
the picture of tho' blade tip becomes blurred. To iissolvo 
this impression into d i scr e e t . vi br at i on pictures, -^o 
mounted a high-speed motion picture camera Z behind tlie 
rotoscope • 

This metiiod is superior to the various stroboscopic 
methods, for it eliminates only the rotation of the pro- 
peller while otherwise producing a perfectly uninterrupted 
picture. Its objoctional fea.ture is the very scrupulous 
ad.J.-Lstr:ient of tho rotoscope a-xis in the direction of the 
or opel 1 er axi s . 

In. the first experiments with propeller of 2-inch di- 
ameter,' wo encountered great difficulties in obtaining 
the- requisite quantity of light for satisfactory photo- 
gra.phs with the hi ^-.rh- s"^ eed cajnera„. Besides, the vibration 
amplitur'cs rema-ined so low a.s to ma.ko tlie int erpr etati on 
01 "the pictures aopcar too uncertain. On account of that 
wo made steel and dura.lumin mciels of from 50 to 80 cm di- 
amotor, driven from, a small three-phase motor (80 watt, at 
1,500 r.p.m.). They were so flexible tiiat deflections of 
severa.l centimeters were readily excited. 

The excitation was achieved by short air blasts from 
a compressed air tank. As the disturbance increased tho 
blades could vibrate freely. The exposures ranged from "BO 
to 120. per second, or on an average of from 10 to 15 test 
points for one full vibration. ^Thc time m.ark on tho film, 
was obtained by photographing the stationary background. 
This aooea.rs on the "ohot o-graphs through the- rotoscope as 
•one tu.rn through 330^ lor propeller "revolution. .Conse- 
quently,, given the pr ooelle-r -.iSpe'ed-, ail. absolute, time rec- 
ord for each picture is obtained. 
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The developed films were projected on a large opaque 
disk where they could "be readily elaborated. The obtained 
vibration curves then yield the frequencies with suffi- 
cient accuracy. Every test was repeated at least once, 
yielding discrepancies of from 0 to 3 per cent. 



2. Test Results 



l^O!^?!, I.' Straight, nontwisted blade,, consta^nt cross 
section, flat profile. Dimensions: c = 4.8 cm, I - 20.8 
cm, (e/1 = 0.23), b := 1.6 cm, d = 0.02 cm. 

T7e started with this simple case becaiise even here 
the influence of different root sizes and different air 
loads could be satisfactorily studied. The choice of con- 
stant section made comparison with other formulas (see III, 
3) very expedient. 

Figure 4 is a section of the film photographed at rev- 
olution n ^ 496 min."" . The vibrations of the blade tip 
can be seen in the different positions of the white strip. 
The background rotates from picture to picture and gives 
the time record. (See the white dot on the films.) The 
film record (fig. 4) is analyzed in Figure 5. Figures 5 
to 8 give the corresponding vibration curves for several 
other revolution speeds. 

Model 1 was examined at n = 0 to n = 500 min.""^, 
and at pitch a = 0, 10^ and 25°. The total results 
(bending' frequencies plotted against revolution speed) are 
corn-piled in Figure 9 and compared with the theoreticr-l val- 
ues'" conformable to equation (2). It is remarked here, that 
for the extreme case of constant section, which never oc- 
curs in propellers, formula (2) must be written exactly 

— £ instead of 2 — . The difference amounts to only about 
2 1 I 

2 per cent, but since it is a matter of comparison, it was 
taken into consideration. 

Calculation and neasurement are in satisfactory ac- 
cord, according to Figure 9, and in a speed range consid- 
erably above the ^ values of large propellers. The" 

angle of pitch, that is, the magnitude of the load and 
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consequently the equi 1 ihr ium position has no appreciable 
effect on the frequencies of the "blade. At 0 , 10 , and 

r)c 

25- T)itch the —-^ values are positive, zero, and nega- 

o a 

tive, respectively. There was no sign of any influence of 

air loads follovring -^-^ "by those released by the vibra- 

d a, 

tions. Besides, as estirna.ted according to the process 
(reference 6, page 143) at high speed, say n = 500""^, 
the air loads on the model are about three times as high 
a,s for real propellers w^th respect to ela.stic and cen- 
trifugal forces. Thus, if there had been any tangible 
influence of the air loads on the vibrations, these exper- 
iments \7ould have revealed it, ' 

On the other hand, the air loads make themselves felt 
very distinctly in some other fashion. They exert a damp- 
ing effect on the flexural vibrations at noi:mal angles 

> oV This is clearly seen in ?igure ?. At settings 
da J 

approaching maximum lift - 0^ "^^^ influence of the 

air loads is small (see figs. 5 and 6) for a 10^. At 

higher anvgles f^^^ < C^) the air loads act in a forcing 
sense. Even tl^ ^or imi-t i ve formula (ll) in reference 6, 
page 143, reveals, after the material damping is inserted, 
^- 3 c 

tna.t ^™ < 0 can lead to a speed at which unstable 
da 

(forced) flexural vibrations set in. Our experiments re- 
vealed the same results, (fig. 8 for a = 25°). There 
are steady vibrations whidi do not die out. The second 
portion, in particular, shows how - without perceptible 
disturba.nce - the vibrations attain to finite amplitude 
which is then maintained. Whether or not forced vibra- 
tions of the described type have any practical signifi- 
cance for propellers, awaits further investigation, but 
..the greater probability is that they have not. 

figure 9 shows the recorded frequencies and those com 
puted^by (2), in conjunction with those conformable to,, 
R. 8: I.:, llo. 7 36 (reference 3) and those according to Hutte 
The main reason of the discrepancy by the English formula 
is to be found in the omission of the hub effect. Hence 
the dis-oarity will be still greater (com]f)are Model 2) as 
the hubris larger (greater € /l) . The Hutte formula taices 
the hub into account, but contains a fundamental error. 
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Following this discussion of the tests on Model 1, 
we shall only give the final results for the other models, 

Model_2.- Same as Model 1, hut lar^'er huh. e - 17.6 cm 
(c/l = 0-85) . 

To hrin^;^ out the influence of huh size on the in- 
creased flexural frequencies an exaggerated ratio of 
e/1 = 0.85 v^as chosen. The results are appended in Figure 
9; they also agree well with the theoretjcal curve from 
equation (2), thus proving that (2) is also applicahle to 
vihrations in turhine hlades. 

Model_3.- Straight, non-twisted hlade, !'.rni f e- ed g ed 
wedge, (linear taper in section, taper of moment of iner- 
tia with third power of the radius), plane profile. Di- 
mensions: c = 4.3 cm, I - 35.2 cm, (c/^ = 6.14), h - 1.6 cm, 
d^^ 0.05 cm, d]^=0. 

The model, approaching actual conditions in its taper, 
was measured at a = 0 and 10^. The results and the fre- 
quency curve hy (2) are given in Figure 10. The hlade ex- 
hihited violent torsional vihrations at the 10^ setting, 
without however evincing any perceptihle effect on the 
flexural vihrat ions • 

Model 4 Truncated pyramid, cut-off hlade 3, sam.e ta- 
per, hut not to 0. Dimensions: c = 4.8 cm, I - 27.7 cm, 
(e/l = 0.17), h = l.S cm, d^= 0.05 cm, d]^^ 0.01 cm. 

The data are likewise appended in Figure 10 and com- 
pared, with the theoretical results. 

Model___5.- Slade-tT.^ist ed and curved. Dimensions: 

€ 4.8 cm, \ := 21.1 cm, (e/l = 0.23), h - 1.6 en, 
d 0.03 cm. 

After the preceding tests had demonstrated that equa- 
tion (2) presented a sufficiently close approximation for 
hlades of constant section and different taper, the suc- 
ceeding models were selected for constant section hecavise 
the influence of the camher and t'^ist must necessarily he- 
come the more noticeable as the mass of the hlade tip is 
greater. 
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■ The model "blade was evenly twisted thro-a,3h 25° from 
root to t ip • . In addition, its axis was curved perpendic- 
ular to the direction of the tip ' section ( i . e . , thm.s t di- 
rection), that is, in a plaAe, sloping a^'ainst the direc- 
tion of . restraint of . the "blade root, so that the "blade 
was constrained to coupled vi"brations in all degrees of 
ifreedom. , The deflection at the tip amo-anted to 1 cm, i.e., 
1/20 of the blad e length. • To . this is added the deflection 
due to air load. As a result" the actual "blade c ondi t i ons' '• 
were much exaggerated. 

The "blade was . so restrained as to make the setting at 
the free end 0° . 12^. The measured fleruira.l fre- 

quencies are v^>hown, in Figv.re 11. The close agreement "be- 
tween- calculation and measurement manifests that the- other 
degrees of freedom (hecause of their frequencies totally 
different from fl e?:ural , frequency ) leave the flexural vi- 
"brations practically unaffected. 

Mod£l___6.- Blade -twi st ed , cambered and crescent- shaped. 
(?ig. 12, scale 1:5.) Dimensions.: € " 4.9 cm., I - 20.3 
cm, (e/l = 0.24), "b 1.8 cm, d = 0.0 3 cm. The tip is 
raked to 1/5 of the "blade length, so that in conjunction 
with the thrust loading the blade had a spatially curved 
bar axis. The bl^de had furthermore a 6° twist. The miodel 
was again whirled at two settings of the end section. The 
resr.lts are shown', in Fi^;^ure .13. In this case also there 
is scarcely any tangible influence on the flexural fre- 
qu ' nc i es . ( C onpare ?igure 15 to Model ?.).. 

Model__7.- Blacl e- twist ed , curved and crescent -shaped, 
contour and dimensions as for L'odel 6. 

It diff.ors from. 1/Iodel 5 by the 2 5° twist and thus as- 
sumes, oven in unloaded at t itude , a 2 .73 cm, (i.e. 1/7 of 
t'ne blade length) deflection perpendicular to the plane of 
rotation. The spatial curvature of the bar ar.is exceeds 
by far the scale ever used in propellers. The setting of 
the root section was 33^, that of the tip section, 8^'. At 
the measured speeds of n ~ 0 to 350 min.'"\ the elastic and 
the centrifugal forces are in the mutual relationship of 
normal propellers. A section fpr n 196 min.*""^, and t^ie 
corresponding . eyal-'^at ion is reproduced in Figures 14 and 
15. It is seen that tl:i,e . f 1 exur e is superposed by a more 
r ap id .miot i on . That mi.ght "be torsional vibration, for it is 
to be noted that a torsion of the root ejections at the free 
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end of the curved "blade is very similarly noticealole like 
a flexural motion, that is, essentially as parallel dis- 
placement of the outer sections. Only the frequency of 
this motion is a m.uch higher one than that of the flexural 
vihration. In any case, a glance at Figure 15 readily 
shows that the frequency of the recorded f lexural vihrat ion 
can scarcely differ from the piirely flexural vihration as 
would occur "by stiffness of the torsion and as postulated 
in the calculation. 



The frequencies measured at the different speeds are 
compiled in Figure 13. (Owing to the strong twist with re- 
spect to Model 6, the \^ value has grown to 314 rniin."""^*) 
There is a slightly perceptiole drop in the measured fig- 
ures compared to the theoretical curve ohtained from (2). 
But the discrepancy does not exceed 4 per cent, and so re- 
mains, even in this extremie case, appreciably less than 
the highest possible error of about 7 per cent. 



SUMI/iARY 



The previously (reference 6) developed formula for 
calculating the flexural frequencies of rotating propellers 



4- 

6 -f 



1 + ( 1 ^- 



1 + 



(1/ 



can be applied to any existing blade form. A mathematical 
estimation of the error involved reveals that the greatest 
possible discrepancy does not exceed 7 per cent of the 
true value, even for spatially curved and twisted blades. 

Model tests reveal the actual error to be considerably 
less than the maximum theoretical error. Even in extreme 
cases, in which the curvatures of real propellers has been 
many-fold exaggerated, the discrepancy between calculation 
and experiment did not exceed 4 per cent. 



for 



The evolved formiila is therefore to be used as basis 
the study of. flexural vibrations. It stimulates the 



kno-'-^ledge of frequency of the no n- rotating propeller, 

The quickest and safest way to define this value is by 
actual test rather than by calculation. 
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A low limit for the flexnral frequencies is given "by 



This term can "be used for a first estimation. 



Translation "by J, Yanier, 
ITational Advisory Committee 
for Aeronautics. 
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?igs. 1,2 




G-raph of eQ;j.ation (2) 
Fleiooral frequencies 
plotted a£;ainst the 
revolutions for dif- 
ferent e/i ra-tios. 
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rig. 2 

Scheme of the arran£;ernont 
for the ODservation of 
■oro-^oeller vi'Drations. 
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Jig, 3 Picture of rotating propeller 

as seen "by observer looking 
througb the rotoscope, (The picture 
shows a full-size propeller. The 
arrangement of the mirror is somewhat 
different from that used in the model 
experiments. The plane of the mirror 
is adjustable). 






Jig. 4 Part of film from test: model 1, n « 496 min"l 

(128 pictures per second). The moving bright strip 
in the mirror is the blade tip, the white dot is the 
time mark. 




flg.lA Part of film test: model 7 (twisted, spatially 

OTJXved blade) n « 196 min""^. The strikingly bright 
strip is a mirror edge, used as reference axis. 
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cr:i 



Ho del 1 
n = 496 
a = 10^ 




S'ig.o Elaboration oi fil::i of :H'ig.4. The vibration 

is slightly darrxped (cc = 10^, =^ o) . Tno 

0 a 

double arrov; on the ti.ae scale raarks the 
dui^ation of one turn. 
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Ilodol 1 

n = 140 niia"-'- 

a = 10° 



ITJ ^ 



?ig.5 Vibration of nodel 1, at n = 140 nin""'^, 

cc = 10^; slight da:nping ( 0 ) . 
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Jigs. 7, 8 



en i n n = 395 min"-^ 



llodel 1 

= 39i: 
- nO 



4 |- 1 1 a = 0 



2 1- ill; 



0 h 



lU ^ 



Fi^'.V Yi oration of niodcl 1 at n = 395 nin""^, a = 0^; 

9 ... n \ 



considoraole danping f-^_.5^> o 

\c) a 



Model 1 
n = 401""^ 

a = 25^ 




?ig.8 Vibration of model 1 at n = 401 mir^^, a = 25^; 
steady or forced vioration ( ^ < 0 . 

^ 0 CO ^ 
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Pigs. 3,10 
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''Equation (2)^ 

^- R and M 765 
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n 

9 Heasured flexaral freouoncies of models 1 and 2 
plotted against speed of rotation. Comparison 
"between Measnrenent and different calculations. 
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" ^ ( eq:J-ation (2) 



i i 

I i 
400 1 :p 



200 i 



A 



O a = 0^ 
+ a = 10 



n r measured 



400 



600 min"^ 



n 



10 Measured fle:w.ral frequencies of models Z and 4 

(stra.i^iit , tapered Dladcs) . Ga^lculation according 
to equation (2) compared with meas^arement . 
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Figs. 11,12 
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- Model 5 
Equation (2) 
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Fig. 11 Measured fleicoral frequencies of model 5 (twisted, 
curved blade). Comparison "between measurement and 
calculation conformably to (2) . 




Fig. 12 Models 6 and 7. Projection on plane of propeller 
disk. Scale 1 : 5 
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Pigs. 15,15 
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equation (2) 
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13 Measured flexural frequencies of models 
6 and 7* measurement compared to cal- 
culatio:. according to (2). 
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15 VilDraticns of model 7 at n = 195 min"""^, 
faster torsional vilDrations are super- 
imposed on the slow fle:>rare. 



